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Efficiency I

Minimize number of basis functions +

minimize computational complexity

Maximize the accuracy

in electronic structure calculation

Analysis of convergence rates,
development of error estimators,
employment of adaptivity and multigrid methods etc.




Best N-Term Approximation I

Consider a Riesz (quasi-orthogonal) basis W = ({J) )a<; in some Hilbert space H.
For v € H, we consider the error of the best n-term approximation

Onnw(V) =min{||v— Z W] :weC, T CI,47 =n}.
AeT
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Is a (quasi-)normed space.



Best N-Term Approximation

Consider a Riesz (quasi-orthogonal) basis W = ({J) )a<; in some Hilbert space H.
For v € H, we consider the error of the best n-term approximation

Onnw(V) =min{||v— Z W] :weC, T CI,47 =n}.
AeT

ASH,W):={veH:onpuw(v) Sn°}  with  ||v|as:=supn®chpw(V)+ |V
neN
Is a (quasi-)normed space.
Approximation strategy: Keep the n largest coefficients Wy in V.= 3 Way.

Hilbert space: H = L2 or H = H?, space of functions in L? with bounded kinetic energy (TV,V) < .



Basis functions

Candidates:

._] Canonical orbitals (=eigen functions of the Fock operator), not known a priori
] Local orbitals (Wannier functions), not known a priori
] atomic type orbitals: Slater type orbitals, Gaussian type orbitals

"systematic” basis functions: plane waves, finite elements, multiscale basis functions



Model problem

_] effective one particle model (Hartree-Fock, density functional theory, hybrid models):

where

p(

1 1
,‘]‘4') = —§A+ r[/core‘i‘ ‘Vpseudo‘F {VH (n) T G‘VXC(n) o EBW(p)’

N/2

X,Y) = Z oi(X)di(y)  (density matrix),  n(x) =2p(x,x)  (electron density)

.l aim: linear scaling methods

-

Linear scaling methods using Gaussian type basis functions are limited to "nondiffusive”
basis functions. Furthermore, scaling with respect to the number of basis functions is not
linear!

Competing with discretizations like plane waves or Finite Differences, which do not (easily)
admit linear scaling approaches.



Multiscale Analysis I

Multiscale hierarchy:  V; = spaf{@jx: k € A}

Practical and/or analytical tool

VicViaC..)VocViC...cV,cVj1C...CL?
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Multiscale decomposition and wavelets

-1
.1 Decomposition: Vi, =V;®aW,, Vi= PW, W=V
=1

1 Wavelets: W, =spaf{yk: ke 0;:=Aj;1\Aj} = spart¥;
.1 local supports:  diamsupppjx~ 2! , diamsupppjx ~ 2~
D Orthonormality: <L|Jj,k7 L|Jj’,k’> = 6(j,k),(j’,k’)

' d vanishing moments: (Wi, X =0, |a] <d.



Theorem (Norm equivalences for Sobolev spaces):
Forall 0 <s<sup{se R:@ec H3R)} there holds (A = (j,k), |A| =)

U2~ S () 2220
A

Sparse grid - hyperbolic cross I

N
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= lei <L, W~ LN"12" ~ nlogN™? instead of NV !
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Theorem (Flad, Hackbusch, Schneider '05)

] Forevery 0 < s< d—1(d vanishing moments) the singularity ® of the electron-nuclear cusp
and therefore the canonical orbitals (Lieb-Simon) ¢; belong to AS(Hl(R3),®i3:1 W), (instead
of A3, but GTO bases are exponentially convergent).

.1 For every 0 < s< d— 1 the density matrix p belongs to AS(HY(R%) @ HY(R3), ®°_, W), (in-
stead of AY/5).

Adaptive sparse grid H-atom:




Nonlocal Operators — Wavelet Matrix Compression

Operators 4 : HY(R3?) — HY(R3) with a Schwartz kernel satisfying a Calderon Zygmund type estimate

1
<
BN X —y|Fr2alel XFY,

[0%OPK (x,y)

have matrix coefficients

o(i+1)(d+3/2)

dist(suppy; , supijj,’k,)~°>+2t+2OT

(AW Py )| <

1. Compression:
(Dahmen-ProRdorf-
Schneider,

von Petersdorff-Schwab)

dist(suppy; ,k,supppj/’k/)




= with these arguments we can proof that, for distant pairs the energy contribution in MP2 calculation

decays
O(R™%)

Basic observation:

(badj|ri2ldpd) SR®

Theorem (Flad, Hackbusch, Schneider '05)

] Linear scaling complexity: The density matrix p, and the ground state energy of an effective
single particle model (HF, LDA, etc.), can be computed with an accuracy € < n 5, s<d—1,
within (log-)linear complexity O(n(log®n)).

_] Forevery0O<s< 1/2 the singularity © = |x — y| of an electron-electron cusp (Kato, Hoffmann-
Ostenhoff et al. ) belongs to AS(H1(R®), W, @ W,), (instead of A¥2, but the same as for GTO
bases).

1 Claim: The wave function W belongs to AS(H}(R®), @, W), 0 < s< 1.




Kronecker tensor product

Separation of variables:

P

F (X1, XN, Y1, -, YN) = Z fre(Xe,y1) -+ Fu (XN, YN)
=1

Kronecker product decomposition of tensors:

p
A= Z Uik®...®@Unk
k=1

Important to improve the computation of

(YW, Un))

Rank one updates (Grasedyck, Chinnamsetty et al. '04). See Poster

Expanding |X — Y| (Hackbusch '04)



Contracted basis functions and separation of scale

split orbital ® into relatively smooth part R, ® and singular part (I — R, ) ®:
P=R, O+ (I -Ry)P, R, ®L(l-Ry )P
molecular scale: smooth part R, ® by mesh widths h = 271~0.2...05
atomic scale: approximate singular part by contractions of higher-level basis functions with small

support — by the projections (I — R/L)CDSTO/GTO of the core singularities (oszillating and only few
per atom)
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Error decay rates for the ground state energy

Multiscale bases and sparse grids: n degrees of freedom

Hyperbolic cross (Yserentant '04,’05) O(n~%/3)

Adaptive sparse grids (H., F., S.) O(n—S)foralls< 1
O(n~2) using ry » singularity functions
Demand: linear complexity O(n)

GTO bases: basis set of size ' and n degrees of freedom

CCSD : N~ (N2(A —N)2) ~ AL O(N 1) = O(n~%?)
1 -Methods CCSD O(N2)=0(n?)
Linear scaling CCSD: n~ N\ oA ) =0(nt

Actually complexity is worse.

Monte-Carlo methods: n sample points O(n_l/z)



